Abstract. Starting from a Hilbert cusp form of weight 2κ, we will construct a Hilbert-Siegel cusp form of weight κ + m 2 and degree m and its transfer to inner forms of symplectic groups.
Introduction
The present investigation deals with the following problem: starting from simple automorphic data such as cusp forms on GL 2 , construct more complicated automorphic forms on groups of higher degree. Toward this problem, Ikeda [7] has constructed a lifting associating to an elliptic cusp form a Siegel cusp form of even genus. This paper generalizes it to Hilbert cusp forms.
To illustrate our results, let F be a totally real number field of degree d with adèle ring A. We write A f and A ∞ for the finite part and the infinite part of the adèle ring. We denote the set of d real primes of F by S ∞ . Let Sym m = {z ∈ M m | t z = z} be the space of symmetric matrix of size m and W m a symplectic vector space of dimension 2m. We take matrix 
and having a Fourier expansion of the form
for each ∆ ∈ GL 2 (A f ), where w t (F) is a function on GL 2 (A f ) and the function F ∆ : H d 1 → C is defined by F ∆ | 2κ g(i 1 ) = F(g∆) for g ∈ GL 2 (A ∞ ) + . We write C 2κ for the space of Hilbert cusp forms on PGL 2 of weight 2κ. 
The constant c t is a mysterious part of the t th Fourier coefficient of a Hilbert cusp form of weight κ+ 1 2 whose square is related to the central value L 1 2 , π f ⊗χ t f (cf. Theorem 12.3 of [3] ). The formula of Fourier coefficients looks like the classical Maass relation. Theorem 6.1 constructs analogous liftings of π f to inner forms of symplectic groups of even rank, which are given by similar Fourier series with the same coefficients {c t }. The series naturally extends to a cusp form on similitude groups for even m (see Remark 6.2(1)). Theorem 1.2 is a generalization of the lifting constructed by Ikeda [7] , where he discussed the case in which F = Q, m is even and µ pχ
is an unramified unitary character of Q × p for all rational primes p. The proof in [7] uses the algebraic independence of the p −s and works only over Q. Furthermore, this method cannot apply to nonsplit inner forms of symplectic groups even when F = Q. Subsequently, Ikeda invented a more general approach and proved in his unpublished preprint that the representation occurs in the space C (m) (2κ+m)/2 with multiplicity one. Later, Yamana refined and generalized this new approach, giving the explicit Fourier expansions. The present article was written finally by combining Yamana's manuscript with Ikeda's original preprint.
The method is applicable to Maass forms in principle. Indeed, the proof should require only suitable estimates of real analytic degenerate Whittaker functions, which guarantees convergence of the Fourier series, and its inductive structure analogous to Lemma 7.6. 
is denoted by 0 and the identity element of the ring M n (O) is denoted by 1 n . The transpose of a matrix x is denoted by t x. If x 1 , . . . , x k are square matrices, then diag[x 1 , . . . , x k ] denotes the matrix with x 1 , . . . , x k in the diagonal blocks and 0 in all other blocks. Assume that O has an involution a → a ι . For a matrix x over O, let t x be the transpose of x and x * = t x ι the conjugate transpose of x. Given ǫ ∈ {±1}, we let S ǫ n = {z ∈ M m (O) | z * = ǫz} be the space of ǫ-hermitian matrices of size m. Set z[x] = x * zx for matrices z ∈ S ǫ m and x ∈ M m n . Given ǫ-hermitian matrices B ∈ S ǫ j and Ξ ∈ S ǫ k , we sometimes write B ⊕ Ξ instead of diag[B, Ξ] ∈ S ǫ j+k , particularly when we view them as ǫ-hermitian forms. We say that Ξ is represented by B if there is a matrix
We denote by N, Z, Q, R, C, R × + , S and µ k the set of strictly positive rational integers, the ring of rational integers, the fields of rational, real, complex numbers, the groups of strictly positive real numbers, complex numbers of absolute value 1 and kth roots of unity. We define the sign character sgn : R × → µ 2 by sgn(x) = x/|x|. When X is a totally disconnected locally compact topological space or a smooth real manifold, we write S(X) for the space of Schwartz-Bruhat functions on X.
Quaternionic unitary groups.
Let F for the moment be an arbitrary field and D a quaternion algebra over F , by which we understand a central simple algebra over F such that [D : F ] = 4. We frequently regard D as an algebra variety over F . We denote by ι the main involution of D, by x * = t x ι the conjugate transpose of a matrix x ∈ M n (D), by ν : GL n (D) → G m the reduced norm and by τ : M n (D) → G a the reduced trace, where G m = GL 1 and G a = M 1 are the multiplicative and additive groups in one variable over
When n = 1, we simply write D − = S 1 and D nd − = S nd 1 . We identify S n with the space of D-valued skew hermitian forms on the right D-module D n , by which we understand an F -linear map B :
We define the algebraic group G n by
where
We call λ n : G n → G m the similitude character. We are interested in its kernel G n = {g ∈ G n | λ n (g) = 1}. For A ∈ GL n (D), z ∈ S n and t ∈ G m we define matrices in GL 2n (D) by
Let P n be the parabolic subgroup of G n which has a Levi factor M n = {m(A) | A ∈ GL n (D)} and the unipotent radical N n = {n(z) | z ∈ S n }.
2.3.
The split case. We include the case in which D is the matrix algebra M 2 (F ) of degree 2 over F . Let us now take this case. We often identify M m (D) with M 2m (F ) by viewing an element (x ij ) of M m (D) as a matrix of size 2m whose (i, j)-block of size 2 is x ij . Put
Then we easily see that
, where t X denotes the transpose of X as a matrix of size 2m. We are led to
where σ n = diag[1 2n , B n ]. Thus G n is an inner form of Sp 2n .
2.4.
The case n = 1. When G is an algebraic group over a field F and Z is its center, we write P G for the adjoint group G/Z. It is important to note that the group P G 1 is isomorphic to a certain orthogonal group. To see this relation, we recall some well-known facts on Clifford algebras. The basic reference is [17] . For the time being, we will take V to be a finite dimensional vector space over a field F of characteristic different from 2, and let q V : V → F be a nondegenerate symmetric F -bilinear form. A Clifford algebra of (V, q V ) is an F -algebra A with an F -linear map p : V → A satisfying the following properties:
• A has an identity element, which we denote by 1 A ;
• A as an F -algebra is generated by p(V ) and 1 A ;
• A has dimension 2 ℓ over F , where ℓ = dim V . It is known that such a pair (A, p) is unique up to isomorphism. Moreover, p is injective, and as such, V can be viewed as a subspace of A via p. We denote this algebra A by A(V ). The basic equalities are xy
There is an automorphism
Put µ 1 (β) = ββ ρ for β ∈ G + (V ). The map µ 1 gives a homomorphism of
. Then it is well-known that ϑ gives an isomorphism of
By restricting the symmetric bilinear form on D 2 given by (x, y) → 1 2 τ (xy ι ), we obtain a three dimensional quadratic space
In what follows we take V = F e ⊕ V D ⊕ F e ′ and define the quadratic form q V by
for r, r ′ ∈ F and x ∈ D − .
Lemma 2.1. Notation and assumption being as above, there is an F -linear ring homomorphism Ψ :
for all β ∈ A(V ) and whose restriction gives isomorphisms
Proof. This isomorphism is explained in § §A4.2 and A4.3 of [17] , to which we refer for additional explanation. We shall give a brief account for the convenience of the reader. Define a map p :
is a Clifford algebra of (V, q V ). It can clearly be seen that
We define Ψ as the projection onto the first factor. The canonical involution of A + (V ) can be given as above, as this is so for every elements of p(V ). Hence we know that Ψ (G + (V )) ⊂ G 1 and conclude that µ 1 coincides with the similitude character λ 1 of G 1 . To prove the reverse inclusion, we first observe that
and hence Ψ −1 (g) = (g, g) ∈ G + (V ). The last assertion can be verified by a simple calculation.
Degenerate Whittaker functions
The ground field F is a totally real number field or its completion. Excluding the case of the real field, we let o be the maximal order of F and fix a maximal order O of D. In the real case we set ψ = e| R . When F is an extension of Q p , we define the character ψ of F by ψ(x) = e(−y) with y ∈ Q such that Tr F/Qp (x) − y ∈ Z p . In the global case we put
3.1. Degenerate principal series. In this and the next subsections F is a completion at a nonarchimedean prime. We denote by q the order of the residue field of the valuation ring o, by α(t) = |t| the normalized absolute value of t ∈ F × and byχ t the quadratic character of F × associated to F ( √ t)/F via class field theory. For B ∈ S nd n we setχ B =χ (−1) n ν(B) . We write Ω(F × ) for the group of all continuous homomorphisms from F × to C × . Continuous homomorphisms of the form α s for some s ∈ C are called unramified. Define σ(µ) as the unique real number such that µα −σ(µ) is unitary.
For µ ∈ Ω(F × ) the normalized induced representation J n (µ) is realized on the space of smooth functions f : G n → C satisfying
, z ∈ S n and g ∈ G n . We denote its restriction to G n by I n (µ). Since G n = {d(t) | t ∈ F × } ⋉ G n , these representations can also be realized on the space of functions f :
for all A ∈ GL n (D), z ∈ S n and g ∈ G n . Let B ∈ S n . We define the character ψ B : S n → S by ψ B (z) = ψ(τ (Bz)) for z ∈ S n . For any smooth representation Π of G n we put Proof. The module structure of I n (µ) is determined by Kudla-Rallis [12] in the symplectic case and by the author [23] in the quaternion case. The unitarity follows from the general fact on irreducible subquotients of ends of complementary series explained in Section 3 of [20] . The second part is proved in [10] . We will prove (3). Since
It is known that
where B ′ extends over all equivalence classes of nondegenerate skew hermitian matrices of size n with character µα −1/2 and R of [12] . One can see that this result is valid in the quaternion case by a basic calculation based on Lemme on p. 73 of [13] . The claimed fact derives from the exactness of the Jacquet functor combined with these observations. 3.2. Jacquet integrals. Put
For an ideal c of o we put
Define a Haar measure dz on S n so that the measure of R n is 1. For g ∈ G n the quantity ε c (g) is defined by writing g = pk with
defines a formal Dirichlet series in the variable s, which is absolutely convergent for ℜs > n+ 
We write ̺ (resp. ℘) for the right regular action of G n (resp. G n ) on the space of fuctions on G n (resp. G n ).
Proof. The first part is clear. The second part is evident from Proposition 3.1. The third part can be verified by obvious changes of variables.
The following result is derived in [25] .
The Siegel series associated to B ∈ R n is defined by
and ψ ′ is an arbitrarily fixed additive character on F of order zero. We define the function γ(B, s) by
is a polynomial of degree f B with constant term 1 by [8, 25] (see Section 10 for the definition of f B ).
We denote the different of F/Q p by d.
Proof. The first part is Lemma 4.5 of [25] . Ikeda shows that when ℜs > 0,
in the proof of Lemma 4.1 of [7] , from which we obtain the desired estimate.
3.3. Degenerate Whittaker functions: the archimedean case. We discuss the case in which F = R and D = M 2 (R). We define the additive character of C by e(z) = e 2π
. We can define the action of G + n on the space
and the automorphy factor on
for Z ∈ H n and g = A B C D ∈ G + n with matrices A, B, C, D of size n over M 2 (R). There is a biholomorphic isomorphism from H n onto the Siegel upper half space H 2n (cf. §2.3). Define the origin of H n and the standard maximal compact subgroup of G n by
For ℓ ∈ N and B ∈ S + n we define a function W (ℓ)
Clearly,
3.4. Degenerate Whittaker functions: the global case. Until the end of the next section D is a totally indefinite quaternion algebra over a totally real number field F . For each place v of F and an algebraic group V defined over F , let F v be the v-completion of F and put V v = V(F v ) to make our exposition simpler. The adèle group, the finite part of the adèle group, the infinite part of the adèle group and its connected component of the identity are denoted by
We will denote the group of totally positive elements of F by F
When n = 1, we write D
In what follows we fix, once and for all, an irreducible admissible unitary generic representation π f of PGL 2 (A f ) whose local components are not supercuspidal. Then π f is equivalent to the unique irreducible submodule
v ) for some character µ f of the finite idele group A × f whose restriction to F × v is denoted by µ v and which fulfills the following conditions:
Let S π f be the set of nonarchimedean primes v such that σ(µ v ) = 1 2 . Let I n (µ f ) and J n (µ f ) be the degenerate principal series representations of G n (A f ) and G n (A f ) induced from the character d(t)m(A) → µ f (t n ν(A)).
They have factorizations
We can view A n (µ f ) as the unique irreducible subrepresentation of both
When n = 1, we will sometimes write D
1 . Proposition 3.1 and Lemma 3.2 give the following result:
is nonzero if and only if the restriction of w
µ f B to A n (µ f ) is nonzero if and only if B ∈ S π f n .
Holomorphic cusp forms on quaternion unitary groups
When F is a smooth function on N n (F )\G n (A) and B ∈ S n (F ), let
Definition 4.1. The symbol G n ℓ (resp. T n ℓ , C n ℓ ) denotes the space of all smooth functions F on G n (F )\G n (A) (resp. P n (F )\G n (A), G n (F )\G n (A)) that admit Fourier expansions of the form
which is absolutely and uniformly convergent on any compact neighborhood
, smooth functions on P n (F )\G n (A) can naturally be identified with smooth functions on
Proof. Notice that the coefficient w B (g f , F) is given by
n the Fourier series
assuming that the series is absolutely convergent. 
is absolutely and uniformly convergent on any compact subset of G n (A) for every f ∈ A n (µ f ).
Proof. The proof goes along the same lines of the arguments in Section 4 of [7] . It suffices to show that the series
is absolutely and uniformly convergent on any compact subset of
n with constants C ′ and M ′ depending only on f . Note that
. From these estimates the series converges absolutely and uniformly on
for any positive constant ǫ.
Definition 4.5. Let T n ℓ (µ f ) be the vector space which consists of sets {c B } B∈S π f n of complex numbers such that the series F ℓ (g; f, {c B }) converges absolutely and uniformly on any compact subset of G n (A) for all f ∈ A n (µ f ) and such that for all B ∈ S π f n and (3) and (3.1) say that
We can define the function
naturally defines a cusp form in G n ℓ owing to Remark 4.2.
5. Hilbert-Siegel cusp forms of half-integral weight 5.1. The metaplectic group. We first review the basic facts about the metaplectic double cover of Sp m (A). This is mostly a well-known material that can be found in e.g. [6, 16, 2, 3] . Let Sp(W m ) = Sp m be the symplectic group of rank m acting on the 2m dimensional symplectic vector space W m over a field F on the left. For a ∈ GL m and b ∈ Sym m we define matrices of size 2m by
These matrices generate the parabolic subgroup P m of Sp(W m ) with unipo- 
where c(g, g ′ ) is the Rao two cocycle on Sp m (F ). The restriction of s to U m is a group homomorphism, by which we view U m as a subgroup of Mp(W m ). We will writem = s • m andñ = s • n. Note that
for a, a ′ ∈ GL m (F ) and b ∈ Sym m (F ). For a subgroup H of Sp m (F ) we denote the inverse image of H in Mp(W m ) byH. As in Section 1 we define the function γ ψ : F ×2 \F × → µ 4 , which possesses the following properties:
When F is of odd residual characteristic, there is a unique splitting
We shall set ζ(g) = 1 in the real and dyadic cases to make our exposition uniform. We use a cocycle
with global applications in view, namely, we identity Mp(W m ) with the product Sp m (F )×µ 2 whose group law is given by (g, ζ)(g ′ , ζ ′ ) = (gg ′ , ζζ ′ c(g, g ′ )). It should be remarked that the section s is now given by s(g) = (g, ζ(g)).
The real metaplectic group acts on the Siegel upper half-space H m through Sp m (R). There is a unique factor of automorphy  :
For each positive definite ξ ∈ Sym m (R) we define a function on the real metaplectic group by
5.2.
Representations of the metaplectic group. Now we assume F to be nonarchimedean. For ξ ∈ Sym (1) If − [16] . The other assertions are included in [19] or can be derived analogously. 
Holomorphic cusp forms on Mp(W m
where if γ ∈ Sp m (F ), then ζ v (γ) = 1 for almost all v. Though the expression v ζ v (g v ) does not make sense for all g ∈ Sp m (A), we will denote the element (g, v ζ v (g v )) by s(g) whenever it makes sense. For example, s(m(a)n(b)) is defined for a ∈ GL m (A) and b ∈ Sym m (A). We will regard Sp m (F ) and U m (A) as subgroups of Mp(W m ) A via s. For ξ ∈ Sym m (F ) and a smooth function F :
ℓ ) denotes the space of all smooth functions F on Sp m (F )\Mp(W m ) A (resp. P m (F )\Mp(W m ) A ) that admit Fourier expansions of the form
which is absolutely and uniformly convergent on any compact neighborhood ofg =g ∞gf , whereg
Notation being as in §3.4, we form the restricted tensor product 
( (1) is similar to that of Lemma 4.3. Proposition 5.1(5) and (5.2) prove (2). The third statement is its simple consequence. The assertion (4) follows from the fact proved by Waldspurger [21] that every irreducible representation of Mp(W 1 ) A occurring in the decomposition of the space of cusp forms on Mp(W 1 ) appears with multiplicity one. We can realize Mp(W 1 ) A as a normal subgroup of a double cover of GL 2 (A) constructed by using the Kubota two cocyle. The conjugation action of {diag[a, 1] | a ∈ F × } on SL 2 (A) has a lift to Mp(W 1 ) A , which preserves the subgroup SL 2 (F ). We obtain A 6. Main theorem 6.1. Liftings to inner forms of Sp 2n . We write ̺ for the right regular action of G n (A f ) on the space of fuctions on G n (A f ).
Theorem 6.1. Notations and assumptions being as in Theorem 1.2, the assignment
defines an embedding A n µ fχ (−1) n η f ֒→ C n κ+n for every n and η ∈ F × + , where
(1) In light of Lemma 4.6(2) the embedding in Theorem 6.1 naturally defines an embedding A n (µ fχ
κ+1 is one by Corollary 7.7 of [2] . However, we do not know if this result can imply the multiplicity of
κ+1 . If we have assumed that it is one, then we could have proved that the multiplicity of A n (µ fχ
κ+n is one in the same way as in §8.5.
6.2.
Compatibility with the Arthur conjecture. We explain how Theorem 6.1 can be viewed in the framework of Arthur's conjecture. For details of the conjecture, the reader should consult [1] . The conjecture specialized to our current case is discussed in [2] and Section 14 of [7] .
Let L be the hypothetical Langlands group over F . Hypothetically, there is a bijective correspondence between the set of all equivalence classes of m-dimensional irreducible representations of L and the set of all irreducible cuspidal automorphic representations of GL m (A). If π is a cuspidal automorphic representation of PGL 2 (A), then π corresponds to a map ρ(π) : L → SL 2 (C). Let sym 2n−1 be the irreducible 2n-dimensional representation of SL 2 (C). As is well-known, we may assume that sym 2n−1 (SL 2 (C)) ⊂ Sp n (C). Thus ρ(π) ⊠ sym 2n−1 gives rise to a homomorphism L × SL 2 (C) → SO 4n (C). Embedding SO 4n (C) into SO 4n+1 (C) =Ĝ n , we get a homomorphism L × SL 2 (C) →Ĝ n . One postulates that for each place v there is a natural conjugacy class of embeddings L v ֒→ L, where L v is the Weil group of F v if v ∈ S ∞ , and the Weil-Deligne group of
The Arthur conjecture suggests that there exists a finite set
where P 2,2,...,2 is the standard parabolic subgroup of Sp 2n with Levi sub-
an automorphic representation of G n (A) generated by square-integrable automorphic forms if and only if
Let v be a finite place such that
, then we obtain an intertwining map
by applying Proposition 4.1 and Lemma 5.1 of [24] repeatedly. Therefore if − 1 2 < σ(µ) < 1 2 , then I n (µ) ≃ I + n (I(µ, µ −1 )). If µ 2 = α and µ = α 1/2 , then A n (µ) ≃ I + n (A(µ, µ −1 )) by Proposition 3.11(2) of [9] . On the other hand, A n (α 1/2 ) is the Langlands quotient of Ind Sp 2n (Fv)
by Proposition 3.10(2) of [9] . We guess that A n (α 1/2 ) ∈ A − n (A(α 1/2 , α −1/2 )). We presume that the reasoning above is correct even when D v is division.
Let π ≃ (⊗ v∈S∞ π v ) ⊗ π f be an irreducible cuspidal automorphic representation of PGL 2 (A) on which we impose the following conditions:
(i) π v is a discrete series with extremal weight
Let v ∈ S ∞ and assume that κ v is sufficiently large so that W (κv+n) B generates a holomorphic discrete series representation of Sp 2n (F v ). The holomorphic discrete series representation with lowest K-type (det) κv+n belongs to A
l+nd for all η ∈ F × + , the restriction (iii) is compatible with the Arthur conjecture.
7. Fourier-Jacobi modules 7.1. Jacobi groups. Fix 0 ≤ i ≤ n. Put n ′ = n − i. For z ∈ S i and x, y ∈ M i n ′ (D) we use the notation
We define some subgroups of G n by
We identity X i and Y i with the space M i n ′ (D). We view G i and G n ′ with subgroups of G n via the embeddings
where we write a typical element g 1 ∈ G i in the form
We sometimes write
and z ∈ S n ′ . We will frequently specialize to the case i = n − 1 in our application to the proof of main theorems.
7.2.
Weil representations of Jacobi groups. Let F be a local field. Fix S ∈ S nd i . We regard S as a homomorphism Z i → G a by z → τ (Sz). Then N i /KerS is a Heisenberg group with center Z i /KerS and a natural symplectic structure N i /Z i . The Schrödinger representation ω ψ S of N i with central character ψ S is realized on the Schwartz space S(X i ) by
for φ ∈ S(X i ). By the Stone-von Neumann theorem, ω ψ S is a unique irreducible representation of N i on which Z i acts by ψ S .
This embedding and the conjugating action give a homomorphism G n ′ ֒→ Sp(N i /Z i ) and Kudla [11] gave an explicit local splitting G n ′ ֒→ Mp(N i /Z i ), where Mp(N i /Z i ) is the metaplectic extension of Sp(N i /Z i ). The representation ω ψ S of N i extends to the Weil representation of Mp(N i /Z i ) ⋉ N i . The pullback to P n ′ of this representation is given by
for φ ∈ S(X i ), u ∈ X i , A ∈ GL n ′ (D) and z ∈ S n ′ , where γ ψ (S) is a certain 8 th root of unity and F S φ is the Fourier transform defined by
7.3. The nonarchimedean case. Let F be a finite extension of Q p .
Lemma 7.1. Let f ∈ I n (µ) and φ ∈ S(X i ). If σ(µ) ≫ 0, then the integral
is absolutely convergent. Moreover, it is meaningful for all ℜµ > −n ′ − 1 2 by analytic continuation and gives an N i -invariant and G n ′ -intertwining map
Proof. The integral over Z i can be viewed as a Jacquet integral of the restriction of f to G i , which belongs to I i (µα n ′ ). Thus it is entire on the whole of the complex manifold Ω(F × ). Since (ω ψ S (xg ′ )φ)(0) = (ω ψ S (g ′ )φ)(x) for x ∈ X i , the integral over X i is convergent for all µ. When D ≃ M 2 (F ), Ikeda showed that β ψ S (f ⊗φ) ∈ I n ′ (µχ S ) in the proof of Theorem 3.2 of [6] . The computation applies equally well to the quaternion case.
Proof.
by (7.1) and (7.2). Since
it suffices to prove
The left hand side is equal to
Since this integral is absolutely convergent for σ(µ) ≫ 0, we can exchange the order of integration.
Proof. Since C S = 1 in the unramified case, we can derive (1) 
We define the subgroups of Sp m by J i = Sp m ′ · N i and
For the time being let F be a local field. Fix R ∈ Sym 
We can deduce the following corollary from Proposition 5.1 and Lemma 7.4 by the same reasoning as in the proof of Corollary 7.3.
Corollary 7.5.
(1) If p = 2, ψ is of order 0, µ is unramified, R ∈ Sym
.
Proof. Since the Gaussian is an eigenfunction for the action ofK m ′ with
by (5.2), the left hand side is equal to
The factor (det Y ) i/2
7.6. The global case. In the rest of this section D is a totally indefinite quaternion algebra over a totally real number field F . Fix S ∈ S + i . Take a subgroup A of N i (A) containing Z i (A) so that A /KerS is a maximal abelian subgroup of N i (A)/KerS to which the character ψ S has an extension ψ S A . The Schrödinger representation is equivalent to Ind
, we obtain the Schrödinger model of the Weil representation ω
We denote by ω
We here write ρ for the right regular action of G n (A f ) on T n ℓ+n . For F ∈ T n ℓ+n we define the (S, φ) th Fourier-Jacobi coefficient of F by
be the Fourier expansion of
up to a nonzero constant multiple. Moreover, F ∈ C n ℓ+n if and only if
Proof. We abuse notation in writing w
The calculation in the proof of [4, Lemma 4.1] shows that
. Employing Lemma 7.6, we arrive at the stated formula.
Recall that we regard G n ′ as a subgroup of G n as in §7.1. Note that
Since the subgroups P n (F ) and
The function v → F S (γvg) belongs to the subspace of
Proof. Taking Corollary 7.3 into account, we define a surjection
In view of Lemmas 7.2 and 7.7 the (S, φ) th Fourier-Jacobi coefficient of
, {c S⊕Ξ }) up to a nonzero constant multiple. Lemma 7.7 finally proves the equivalence.
8. Proofs of Theorems 1.1 and 1.2 8.1. Theta lifts from Mp(W 1 ). We give a brief discussion of the results of theta correspondence for the dual pair Mp(W 1 ) × SO(V ). For a detailed treatment one can consult [2, 13, 24] . Let (V, q V ) be a quadratic space of dimension l. In the case of interest in this paper
In the former case G + (V ) ≃ D × and in the latter case G + (V ) ≃ G 1 by Lemma 2.1. We define the symplectic vector space (W, ≪ , ≫) of dimension 2l by W = V ⊗ W 1 and ≪ , ≫= ( , ) ⊗ , . We have natural homomorphisms
The groups O(V ) and Sp(W 1 ) = SL 2 form a dual pair inside Sp(W). Fix η ∈ F × . We obtain the representation ω 
8.2. The work of Waldspurger. Let A 00 denote the space of genuine cusp forms on Mp(W 1 ) A orthogonal to elementary theta series of the Weil representation ω ψ η for any η ∈ F × . This space A 00 satisfies multiplicity one but does not satisfy strong multiplicity one: there are nonequivalent cuspidal automorphic representations σ and σ ′ whose local components are equivalent for almost all places. We say that such σ and σ ′ are nearly equivalent.
Waldspurger has described the near equivalence classes of representations in A 00 . In his papers [21, 22] Given an irreducible infinite dimensional unitary representation ( 
and for all most all v, ǫ v = +}.
, we set ǫ(σ) = v ǫ v . Corollaries 1 and 2 on p. 286 of [22] say that
where the sum ranges over all irreducible cuspidal automorphic representations π of PGL 2 (A) such that L(1/2, π ⊗χ t ) = 0 for some t ∈ F × . This theory includes the special case of Theorem 1.1 in which m = 1. Proof. For ℓ ∈ Z we denote for the discrete series representation of PGL 2 (R) with extremal weight ±2ℓ by D 2ℓ and the holomorphic discrete series representation of the real metaplectic group of rank 1 with lowest weight ℓ +
If σ is a cuspidal automorphic representation, then so is
Thus ǫ(σ) = ǫ(1/2, π) if and only if µ f (−1)(−1) v∈S∞ κv = 1. We have the desired conclusion by (8.1).
Construction of an embedding
We hereafter assume that m > 1. Fix R ∈ Sym + m−1 . Corollary 7.5 gives a Mp(W 1 ) fintertwining surjective homomorphism
We associate to φ ∈ S(X m−1 (A f )) the function φ R = φ ⊗ (⊗ v∈S∞ ϕ R ) ∈ S(X m−1 (A)) and the theta function on J m−1 (F )\J m−1 (A) defined by
is defined by
Lemma 7.7 gives a nonzero constant C R such that 
for all R ∈ Sym + m−1 and φ ∈ S(X m−1 (A f )). Lemma 7.7 therefore concludes that i Proof. Choose vectors x, y ∈ F 3 such that Ξ[x] = t 1 and Ξ[y] = t 2 . If Ξ(x, y) = t xΞy = 0, then we can take S = t 1 ⊕ t 2 and T = Ξ. Suppose that Ξ(x, y) = 0. Define functions S : F 3 → Sym 2 (F ) and T : F 3 → Sym 3 (F ) by 
by Lemma 5.4(2). Lemma 5.4(6) tells us that c ξ = 0 if and only if ξ ∈ S π f m . Lemma 8.7 now says that c ξ 0
for all ξ 0 , ξ 3 ∈ S π f m , which completes our proof.
Transfer to inner forms
We retain the notation of §2.4. Thus V = F e⊕V D ⊕F e ′ and G + (V ) ≃ G 1 . In the first half of this section we switch to a local setting. Thus F = F v is a local field of characteristic zero. (ω
The following formulas are derived easily or read of from Lemma 46 of [22] : Remark 9.1. Note that n 2 (z) = n(−z) in the notation of [22] .
9.2. Compatibility of Jacquet integrals. We first discuss the nonarchimedean case.
, then the integral
is absolutely convergent. It gives a Mp(W 1 )-invariant and
Proof. The integral defining Γ ψ (g; h ⊗ Φ) makes sense by (9.2) and equals 
Proof. The product L(3/2, µχ −1 )Γ ψ (J 2 ; h ⊗ Φ) equals
by (9.3) and Lemma 2.1. The Fourier inversion says that
We use this formula and (9.7) to see that the left hand side equals
We combine the integrals over U 1 and U 1 \SL 2 (F ) into an integral over SL 2 (F ) to obtain the stated formula. The integral thus obtained equals
and converges absolutely for σ(µ) > − 3 2 , which justifies all the manipulations.
Lemma 9.4. Notation being as in Lemma 9.3 , there is a constant C which is independent of Ξ and such that w
Proof. By Lemma 9.3 we can write w
by (9.5). Since the double integral is absolutely convergent for ℜs ≫ 0, we may interchange the order of integration. Using (9.8) and (9.7), we get 1
The outer integral converges absolutely for all s. The proof is complete by evaluating the equality at s = 0.
Proof. Ifχ Ξ = µχ −1 α −1/2 , thenχ ν(Ξ) = µα −1/2 , and hence Proof. We have F (2κ+1)/2 (h, {c t }) ∈ C for all h ∈ A ψ f 1 (µ f ) and Φ ∈ S(V (A f )). We therefore see by (9.9) that F κ+1 (f, {c ν(Ξ) }) ∈ G 1 κ+1 ⊂ C 1 κ+1 for all f ∈ A 1 (µ fχ −1 f ). The map f → F κ+1 (f, {c ν(Ξ) }) is nonzero by Proposition 8.1 (2) and Remark 9.6. 
∈ o for all z ∈ S n (F ) ∩ M n (O)}. For t ∈ F × and B ∈ S + n we denote the conductors ofχ t andχ B by d t and d B , respectively, and define rational numbers f t , D B and f B by
We write t ≡ (mod 4) if there is y ∈ o such that t ≡ y 2 (mod 4). For t ∈ F × and a finite prime v we define f t v ∈ Z by f t v = otherwise.
For simplicity we consider the parallel weight case. Let κ be an integer greater than one such that d(κ + n) is even. Suppose that π f ≃ ⊗ ′ v / ∈S∞ I(α sv , α −sv ) appears in S 2κ . Then π f is isomorphic as a Hecke module to a certain subspace of the space C Then F defines a cuspidal Hecke eigenform of weight κ + n with respect to
where ζ e D F and L e D are defined with Euler factors for primes in e D removed. When n = 1 and F = Q, this lifting is explicitly computed in [14, 18] .
